We investigate in detail the structure of the simplest non-trivial F (R)-supergravity model, whose F -function is given by a generic quadratic polynomial in terms of the scalar supercurvature R. This toy-model admits a fully explicit derivation of the corresponding f (R)-gravity functions. We apply the stability requirements for selecting the physical f (R)-gravity functions, and discuss the phenomenological prospects of F (R)-supergravity in its application to cosmology.
Introduction
Unknown inflaton and unification of cosmological inflation with High-Energy Physics remain the outstanding problems beyond the Standard Models of elementary particles and cosmology. One of the easy ways of theoretical realization of an inflationary universe is given by popular theories of f (R) gravity whose Lagrangian is a function f (R) of the scalar curvature R in four space-time dimensions (see refs. [1, 2] for a recent review). The use of those theories in the inflationary cosmology was pioneered by Starobinsky [3, 4] .
An f (R) theory of gravity is classically equivalent to the certain scalar-tensor theory of gravity [5, 6, 7, 8] . In f (R)-gravity a dynamics of the spin-2 part of metric is not modified, but there is the extra propagating scalar field (called scalaron) given by the conformal mode of the metric (over Minkowski or (anti)de Sitter vacuum). That scalar field plays the role of inflaton in the inflationary models based on f (R) gravity. The f (R) gravity emerged as the phenomenological approach unrelated to any fundamental theory of gravity and without a connection to High-Energy Physics. We believe that such connection may be established via embedding and extending f (R)-gravity to supergravity, as the first step. Supergravity is more fundamental than gravity because supergravity is the theory of local supersymmetry, while local supersymmetry implies general covariance.
In our recent papers [9, 10, 11, 12, 13] we proposed the new supergravity theory that we call F (R)-supergravity. It can be considered as the N = 1 locally supersymmetric extension of f (R) gravity.
2 Supergravity is well-motivated in High-Energy Physics theory beyond the Standard Model of elementary particles. Supergravity is also the low-energy effective action of Superstrings that is the theory of Quantum Gravity.
3 Unlike the f (R) theories of gravity, the F (R) supergravity is more constrained by local supersymmetry and consistency. Moreover, the manifestly supersymmetric construction of F (R) supergravity in superspace [9, 10, 11] leads to a chiral action in curved N = 1 superspace, which may be naturally stable against quantum corrections that are usually given by full superspace integrals. Our supersymmetric extension of f (R) gravity is non-trivial because the F (R) supergravity auxiliary fields do not propagate (this feature is called the auxiliary freedom [16] ). Similarly to f (R)-gravity, the (complex) superconformal mode of the supergravity supervielbein (over Minkowski or anti-de Sitter vacuum) becomes dynamical in F (R) supergravity. As was demonstrated in ref. [9] , an F (R) supergravity is classically equivalent to the standard N = 1 Poincaré supergravity coupled to the dynamical chiral superfield, whose (nontrivial) Kähler potential and superpotential are dictated by a chiral (holomorphic) function. The extra dynamical chiral superfield is just the superconformal mode of the supervielbein, or a complex scalaron. As was argued in ref. [9] , the leading complex scalar field component of the chiral superfield (the superscalaron) may be identified with the dilaton-axion field in (non-perturbative) Superstrings/M-Theory.
The component structure of F (R) supergravity is very complicated, and some of its general features were studied in refs. [11, 12] . In particular, the first explicit derivation of a real bosonic function f (R) out of the supergravity (holomorphic) function F (R) was given in ref. [12] . In ref. [13] the natural embedding of the (R + R
2 )-inflationary model into F (R) supergravity was found, which gives a simple and viable realization of chaotic inflation [17] in supergravity. In this paper we further extend the results of ref. [12] to the case of F -function given by a generic quadratic polynomial in terms of the scalar supercurvature, and analyze all possible solutions to the corresponding bosonic f (R)-gravity functions. We also apply the stability requirements to select those of them which are physical.
Our paper is organized as follows. In sec. 2 we briefly recall the superspace construction of F (R) supergravity, and provide the algebraic equations for the auxiliary fields. In sec. 3 we define our model of F (R) supergravity, and explicitly derive the corresponding bosonic functions f (R). The stability conditions are applied in sect. 4. Possible physical applications are discussed in sec. 5. Our conclusion and outlook is sec. 6.
F (R) supergravity and its auxiliary scalars
A concise and manifestly supersymmetric description of supergravity is given by superspace. We refer the interested reader to the textbooks [18, 19, 20] for details. Here we use the units c = = 1 and κ = M
−1
Pl in terms of the (reduced) Planck mass M Pl , with the spacetime signature (+, −, −, −). Our basic notation of General Relativity coincides with that of ref. [21] .
The most succinct formulation of F (R) supergravity exist in a chiral 4D, N = 1 superspace where it is defined by the action [9] 
in terms of a holomorphic function F (R) of the covariantly-chiral scalar curvature superfield R, and the chiral superspace density E. The chiral N = 1 superfield R has the scalar curvature R as the field coefficient at its θ 2 -term. The chiral superspace density E (in a WZ gauge) reads
where e = √ −g, ψ a is gravitino, and B = S − iP is the complex scalar auxiliary field (it does not propagate in the theory (1) despite of the apparent presence of the higher derivatives). The theory (1) is classically equivalent to the standard N = 1 Poincaré supergravity minimally coupled to the chiral scalar superfield, via the supersymmetric Legendre-Weyl-Kähler transform [9, 10] . The chiral scalar superfield, given by the superconformal mode of the supervielbein, becomes dynamical in a generic F (R) supergravity.
As regards a large-scale evolution of the FRLW Universe in terms of its scale factor, it is the scalar curvature dependence of any gravitational effective action that plays the most relevant role there. Similarly, as regards any supergravitational effective action, the evolution of the FRLW scale factor is largely determined by a dependence of the gravitational superfield effective action upon the scalar supercurvature R.
A bosonic f (R) gravity action is given by [1, 2]
in terms of the real function f (R) of the scalar curvature R. The relation between the master chiral superfield function F (R) in eq. (1) and the corresponding bosonic function f (R) in eq. (3) can be established by appplying the standard formulae of superspace [18, 19, 20] and ignoring the fermionic contributions. As a result [10, 11, 12] , one gets a bosonic Lagrangian in the form
where the primes denote differentiation, and we have also introduced the notation
TheR does not vanish in F (R) supergravity, and it represents an axion, the pseudo-scalar superpartner of real scalaron (inflaton) in our construction [9, 10, 11, 12, 13] . Varying eq. (4) with respect to the complex auxiliary fields X andX,
gives rise to the algebraic equations on the auxiliary fields,
and its conjugate
where F = F (X) andF =F (X). The algebraic equations (7) and (8) cannot be explicitly solved for X in a generic F (R) supergravity.
The stability conditions in f (R)-gravity are well known [1, 2] , and in our notation they read
and
The first (classical stability) condition (9) is related to the sign factor in front of the Einstein-Hilbert term (linear in R) in the f (R)-gravity action, and it ensures that graviton is not a ghost. The second (quantum stability) condition (10) ensures that scalaron is not a tachyon.
Being interested in the bosonic f (R)-gravity action that follows from eq. (1), we set both gravitino and axion to zero, which also implies R * = R and a real X.
In F (R) supergravity, eq. (9) is to be replaced by a stronger condition [13] ,
It is easy to verify that eq. (9) follows from eq. (11) because of eq. (6). Equation (11) also guarantees the classical stability of the bosonic f (R) gravity embedding into the full F (R) supergravity against small fluctuations of the axion field [13] .
Our toy-model
First, we recall that the standard (pure) supergravity [18, 19, 20] is reproduced in our approach by simply taking
with some (complex) constants f 0 and f 1 , where Ref 1 > 0. Then eqs. (7) and (8) are easily solved by
Substituting this solution back into the Lagrangian (4) yields
where we have identified
As is clear from the above equations, the cosmological constant in the standard pure supergravity is always zero or negative, as is required by local supersymmetry. Since we are not interested in the standard supergravity, we assume that
Let's now investigate the simplest non-trivial Ansatz (F ′′ = const. = 0) for the F (R) supergravity function in the form
with three coupling constants f 0 , f 1 and f 2 . We will take all of them to be real, since we will ignore this potential source of CP -violation in what follows. As regards the mass dimensions of the quantities introduced, we have
The bosonic Lagrangian (4) with the function (16) reads
Hence, the auxiliary field equation (6) takes the form of a quadratic equation,
whose solution is given by
where we have introduced the maximal scalar curvature (cf. refs. [22, 23] )
Equation (20) obviously implies the automatic bound [12] R < R max (22) It is worth mentioning that eq. (22) is better interpreted as the lower (or AdS) bound on the scalar curvature (−R). For example, in our notation, a de-Sitter space has a negative (constant) scalar curvature R dS < 0, whereas an anti-deSitter space has a positive (constant) scalar curvature, R AdS > 0. It is therefore natural to demand R max > 0 (or, equivalently, −R max < 0), in order to allow a flat space (R = 0) too. It yields
Substituting the solution (20) back into eq. (18) yields the corresponding f (R)-gravity Lagrangian (after a tedious but straightforward calculation) with f ± (R) = 2 · 7 11
Expanding eq. (24) into power series of R yields
whose coefficients are given by
Those equations greatly simplify when f 0 = 0. One finds [12] f (0)
where we have chosen
in order to get the standard normalization of the Einstein-Hilbert term that is linear in R. Then, in the limit R max → +∞, both functions f (0) ± (R) reproduce General Relativity. In another limit R → 0, one finds a vanishing or positive cosmological constant [12] ,
Stability conditions
The stability conditions are given by eqs. (9), (10) and (11), while the 3rd condition implies the 2nd one (sec. 2). In our case (24) we have
while eqs. (11), (16) and (20) yield
It follows from eq. (33) < 0, we find that the remaining stability conditions (32) and (34) are the same, as they should, while they are both given by
As regards the (+)-case, eq. (34) implies that f 1 should be negative, f 1 < 0, whereas then eqs. (32) and (34) result in the same condition (36) again.
Since R ins max < R max , our results imply that the instability happens before R reaches R max in all cases with negative f 1 .
As regards the particularly simple case (29) , the stability conditions allow us to choose the lower sign only.
4
A different example arises with a negative f 1 . When choosing the lower sign (ie. a positive f 2 ) for definiteness, we find
Demanding the standard normalization of the Einstein-Hilbert term in this case implies
where we have used eq. (27) . It is easy to verify by using eq. (26) that the cosmological constant is always negative in this case, and the instability bound (36) is given by
The cosmological dynamics may be either directly derived from the gravitational equations of motion in the f (R)-gravity with a given function f (R), or just read off from the form of the corresponding scalar potential of a scalaron (see below). For example, as was demonstrated in ref. [12] for the special case f 0 = 0, 5 a cosmological expansion is possible in the regime (i) towards the regime (ii), and then, perhaps, to the regime (iii) unless an instability occurs.
However, one should be careful since our toy-model (16) does not pretend to be viable in the low-curvature regime, eg., for the present Universe. Nevertheless, if one wants to give it some physical meaning there, by identifying it with General Relativity, then one should also fine-tune the cosmological constant Λ l in eq. (44) to be "small" and positive. We find that it amounts to
with the actual value of R max to be "slightly" above of that bound, R max > R Λ=0 . It is also posssible to have the vanishing cosmological constant, Λ l = 0, when choosing R max = R Λ=0 . It is worth mentioning that it relates the values of R max and f 2 .
As is well known [5, 6, 7, 24, 25] , an f (R) gravity theory (3) is classically equivalent to a scalar-tensor gravity having the action
in terms of the scalaron field φ(x) with the scalar potential V (φ). The equivalence is established via a Legendre-Weyl transform [5, 7, 25] . In our notation we have
so that the scalar potential is given by [25] 
It is worth noticing that the stability condition (9) implies an invertibility of the 3rd equation (49), ie. R = R(y).
For instance, the simplest Starobinsky model of chaotic inflation [3, 13] corresponds to
5 See also ref. [13] for another example. 6 Compared to ref. [25] , we changed here y → −y.
where the mass parameter M coincides with the inflaton mass. The corresponding inflaton scalar potential (50) is given by [24, 25] 
where
The constant term in eq. (52) is the vacuum energy that drives inflaton towards the minimum of its scalar potential (so that the inflation has an end). In terms of the equivalent scalar-tensor gravity (48) with the scalar ponential (52) the standard slow-roll parameters [24] are given by [25] 
3 (e −y − 1)
where the primes denote the derivatives with respect to the inflaton field φ, and the e-foldings number N e reads
The theoretical values of the CMB spectral indices [24] , n s = 1 + 2η − 6ε and r = 16ε ,
in the case of the Starobinsky model are given by [25] 
and r = 12
They agree with the old estimates [26] , as well as the most recent WMAP7 data [27] , when choosing N e ≈ 54 and
so that the Starobinsky inflationary scenario [3] is still viable. The particular R 2 -supergravity model (with f 0 = 0) was introduced in ref. [12] in an attempt to get viable embedding of the Starobinsky model into F (R)-supergravity. However, it failed because, as was found in ref. [12] , the higherorder curvature terms cannot be ignored in eq. (29), ie. the R n -terms with n ≥ 3 are not small enough against the R 2 -term. 7 The most general Ansatz (16) , which is merely quadratic in the supercurvature, does not help for that purpose either.
For example, the full f (R)-gravity function f − (R) in eq. (29), which we derived from our R 2 -supergravity, gives rise to the inflaton scalar potential
where 
are not small enough for matching the WMAP observational data. A solution to this problem was found in ref. [13] by adding to eq. (16) an extra term that is cubic in the supercurvature, with a large dimensionless coefficient.
Conclusion
The purpose of this paper was to introduce the new approach to the cosmological model building based on F (R) supergravity, develop the techniques of deriving f (R)-gravity from F (R) supergravity, and apply them to the simplest example (16) with F ′′ (R) = const. = 0. Our choice (16) of the F -function was not physically motivated but was dictated by technical simplicity only. Already the simplest example (16) reveals several important new features that are superior to those of the usual supergravity characterized by F ′′ (R) = 0, namely,
• not any f (R)-gravity is extendable to F (R) supergravity; a simple (polynomial) choice of the F (R)-function leads to a complicated (non-polynomial) bosonic f (R)-function;
• it is easy to get a positive cosmological constant, see eg., eq. (31); it may have physical applications to (primordial) dark energy;
• the natural appearance of the (AdS) bound on the scalar curvature, resembling the Special Relativity bound on the physical speed, and similar to the Born-Infeld bound on the maximal values of the electro-magnetic field strength;
• the existence of instabilities;
• removing the obstacles for a simple and natural (F-term-type) realization of the cosmological inflation in supergravity [13] .
